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ABSTRACT: We investigate the Yukawa sector for up-like quarks in the Lee’s version of the
Littlest Higgs model. We derive general quark mass and mixing formulae and study leading
order contributions due to non-zero light quark masses. Relying on the unitarity of the
generalized quark mixing matrix we obtain corrections to the CKM matrix elements. In
this model FCNCs appear at the tree level and using leading order contributions we obtain
the FCNC couplings for the up-like quark transitions. In light of recent experimental
results on the D? — D transition we make predictions for zp as well as the D — ptpu~
decay rate. Finally, we discuss probabilities for the ¢ — ¢(u)Z transitions relevant for the
LHC studies.
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. Full forms of quark mass diagonalization formulae

1. Introduction

The existence of the hierarchy problem within the SM stimulated constructions of many
models of new physics. In the last three decades supersymmetric models offered appealing
solutions to the hierarchy problem, although the existence of susyparticles has not been
confirmed experimentally. During the last few years, the Little Higgs models []-f]] have
attracted a lot of attention offering an alternative solution to the hierarchy problem. The
main features of all Little Higgs-like models are that Higgs fields appear as Goldstone
bosons of a global symmetry broken at some new scale. Then they acquire masses and
become pseudo-Goldstone bosons via symmetry breaking at the electroweak scale. The
quadratic divergences in the Higgs mass due to the SM gauge bosons are canceled by the
contributions of the new heavy gauge bosons with spin 1. The divergence due to the top
quark is canceled by the contribution of the new heavy vector-like quark with the charge
2/3 and spin 1/2.

In the simplest model (named the Littlest Higgs model) which has been studied exten-
sively in the literature [§—f] the masses of u, d, s, ¢ and b quarks are usually neglected in
comparison with the electroweak symmetry breaking scale. Consequently, some tree-level
FCNCs appear in the up-quark sector, but only coupling the new heavy quark to the top
quark and the Z boson. At the same time only Vi, CKM matrix element receives small
corrections due to CKM non-unitarity. In a generalization of that model given by Lee [
mixing of the lighter quarks with the top quark is present. There are two interesting con-
sequences that appear in such a scenario. It allows for Z-mediated FCNCs at the tree-level
in the whole up-quark sector (while not in the down-quark sector). It also extends the
3 x 3 CKM matrix in the SM to a 4 x 3 matrix and introduces non-unitarity corrections to
all of the CKM matrix elements. Recently, Chen et al. [[4] have discussed D — D mixing



in a similar model, but only after imposing additional assumptions. Namely, in order to
preserve the large up-quark mass hierarchy they assume a special form of the Yukawa ma-
trices, allowing them to constrain the model parameters. Using present errors in the CKM
matrix elements they are able to induce rather large flavor changing effects.

Motivated by the results of these papers we re-investigate the flavor structure of the
Littlest Higgs model (LHM). We perform an eigensystem analysis of the more general LHM
up-quark mass matrix and are able to recover the results of the constrained model [f] as well
as give robust predictions for the more general case. After Introduction, we give a general
analysis of the up-quark Yukawa couplings in section II. Section III contains analysis of
CKM unitarity and FCNCs. Phenomenological consequences are discussed in section IV,

while conclusions are given in section V.

2. LHM up Yukawas and CP violation

We first focus on the simplest LHM, whose phenomenology was first studied by Han et
al. [A. The light and heavy top quark Yukawa sector of this model is given by eq. (24)

of [
1 : -
Ly = 5)‘1f€ijk€my><i2szkyu3c + Ao ftt“+He, (2.1)

where xT = (b3, 13,1), €;jk and €, are antisymmetric tensors, with ijk = 1,2,3 and zy =
4,5. ¥ contains the Higgs fields in the adjoint representation of the global LH SU(5)
(c.f. [ eq. (3)), u;f and ¢ are the two right-handed top fields, while f is the VEV of the
heavy Higgs (f ~ 1 TeV). Note that A; 2 are c—numbers in this model implying absence
of mixing of the third generation with the first two generations in the up sector. However,
in this form, the model is also CP conserving, as can be easily deduced by studying weak
basis invariants of the resulting mass matrix [[3, []. CP is preserved even in presence
of non-diagonal Yukawa terms involving only the first two generations of up-quarks and
regardless of the down-quark sector. In order to provide SM-like sources of CP violation,
one must therefore add further non-diagonal Yukawa terms, mixing the light top quark
with the first two generations, but necessarily not involving the heavy top quark. If we
require that the one-loop top quark contributions to the Higgs mass largely vanish, these
additional Yukawa couplings (we denote them by )\;L]) must be much smaller than A;. This
leads to a generalized up-quark mass matrix in the weak basis

1WAY ATy 1WA 0
TWAY, TUNY TUNY. 0
M, — 21 22 23 99
b A 10Ny (A + AYs) 0 (22)
0 0 f)\l f)\2

Lee [[] similarly generalizes the Yukawa part of the model by including a general mixing
pattern in the up-quark sector. In eq. (2.15) of [{] he writes

1 ’ ~t
Ly = §A%bf€¢jk€xyxai2j$zkyubc + Ao ftt ¢+ H.c., (2.3)



with ab = 1,2,3 and X;-r = (b4, t;,053t). Then the up-quark mass matrix in the weak basis
should become!

ivAtt vl Al 0
AL AP AP 0
AL A2 AT 0
PR D

We see that the mass matrices in the two models apparently differ in the form of their

M, = (2.4)

fourth rows. However, when requiring (partial) cancelation of top quark contributions to
the Higgs mass, both models can be treated equivalently.

We perform an eigensystem analysis of this quark mass sector based on the conjugated
versions of eqs. (24.26) of ref. [[(1]]. Namely we can denote

G J
Aﬁz<ﬁ“)$W>, (2.5)

p

while the down-quark mass matrix M,, is general three-by-three and complex. Mp is
a c—value and can be made real via suitable phase redefinition of the heavy top field
¢, while G, can be made diagonal and real via suitable weak basis transformations
(G, — diag(vmi, vn2,vn3)). The unitary transformations involved induce corrections to J,
in terms of mixing of components which we since denote with tilde: J;;F =(f 5\‘%1, f 5\?2, f 5\:{’3)
3= > j Ll-j)\g?’j ) with L;; being components of a unitary matrix diagonalizing G, so that
> |Li;|* =1 for any i. We see that the end form of M,, is qualitatively the same for both

models under consideration. The mass eigenvalue equation MPM;WP = WpDIQ), where
w. — [ Epex3) Bpex (2.6)
Sp(l x3) Tp

is a unitary eigenvector matrix and D, = diag[mp(gxg),]\_fp] is the diagonal eigenmass
matrix (m, = diag(m1,mg, m3)), can then be written as a set of matrix equations [L1]]

GG, K, + G} J,S, = Kym2, (2.7a)
GIG,R, + G}J,T, = R,M?, (2.7b)
TGy Ky + (J1 T, + M2)S, = Spm?, (2.7¢)
JGpRy + (I}, + M2)T, = T,M, (2.7d)

while the W), unitary constraint relevant for this discussion reads
RIR,+ T;T, = 1. (2.8)

We start by evaluating egs. (R.7H) and (R.7d):
R,M; = v*diag(n,n3, 115) Ry

+Uf(?71 5‘:151a 2 5‘?2’ 7735‘:153)TTP ) (29&)
TPMI% = Uf(771)\%1*7 772)\%2*7 773)\%3*)}%1)
+ 12 NPT, (2.9b)

'We find a difference in the fourth row calculation of ref. [E]



where |2 = (JA3)2 4+ |A32)2 + [A33)2 + |\2|?). We notice that requiring the heavy top mass
to scale as M, ~ f the two equations can be solved simultaneously provided R, < T}, in
terms of v/f scaling. Then, to leading order in v/ f, the heavy top mass is

N2 = AR, (2.10)
while for R, and T}, we get
v 1 331 . 132 . 133\T
p = ?W(m)w AT, m3ATY) T T, (2.11a)
1
T, ~1— iRj,Rp =1-0(v/f)?, (2.11b)

where the unitarity constraint together with v/f expansion of the square root has been
used in the last line.

Next we evaluate egs. (R.7d and R.7d)

Kym2 = v'diag(n?, n3,m3) Kp + v f(m AL, A, msAP)T'S, | (2.12a)
Spmg = vf (MAT, mAT* ns AP Ky, + f2IAS,. (2.12b)

Requiring the light up-quark mass eigenvalues to scale as m, ~ v, we can solve both
equations without any fine-tuning provided S, and K, have fixed relative scaling in v/ f:
Sp ~ Kyv/f. Then the left hand side of eq. (R.12) is of higher order in v/f than the right
hand side and can be neglected yielding the relation

1

e

(771 5\%1*7 nZS‘%Q*a 7735\%3*)[(12 . (213)

| <

Inserting this expression into eq. (R.124) yields?

. 2 2 9 2 | q: 2 2 2 Uiﬁjj‘%ij‘?j*
Kpdlag(ml’m%mB) =v dlag(m,ﬁz,ﬁ )_ |>\|2 Kp’ (214)
(3x3)

where in this short-hand matrix notation there is no summation over the repeated quark
generation indices. The above matrix equation in full form is given in the appendix.
Next we notice that the off-diagonal elements of the matrix multiplying K, on the right
hand side of eq. (R.14) are generally smaller than the diagonal ones and tend to zero with
5&3 /A2 — 0. Therefore we approximate the solution, unitary at leading order in v/ f, with
a linear expansion around the diagonal, yielding

2 2 2 A2
m; = vn; |1 — TE | (2.15a)
i AP A

(Kp)ij = 0ij + (855 — 1)~y 22 0L
S (2 — AP

(2.15b)

2The appearance of the off-diagonal contributions in eq. () is the direct consequence and main
difference due the different v/ f scaling of J, with respect to the one in section 24.3 of ref. [@]



Again in eq. (R.15H) there is no summation over repeated quark generation indices and the
full matrix form of K, in this approximation is given in the appendix. With 5\%1 = 5\?2 =0
and 5\?3 = 13 = A1 we reproduce the usual result for the light and heavy top masses in the
simplest model of Han et al. [[f] which ensures exact cancelation of top-quark contributions
to the Higgs mass at one loop. Deviations from this limit in terms of non-vanishing 5\?1 and
5\:152 on one side reintroduce such corrections, while on the other side they provide needed
sources of SM-like CP violation.

3. CKM unitarity and FCNCs

FCNCs at tree level via flavor changing Z couplings can be easily deduced by evaluating
Zy = A;,Ap, where A, are the first three rows of W, or A, = (K, Rpy). Then the FCNC
of up-like quarks coupling to the Z boson is Jic = (9/2cw )urivu(Zp)ijur, where g is the
SU(2)1, gauge coupling and cpy is the cosine of the Weinberg angle. At leading order in
v/ f we get off-diagonal elements of Z, only in the fourth column (and row)

(Zp)i4 = Z(Kp);z‘(Rp)j- (3.1)
J
FCNCs among the light up-type quarks only come at the order of (v/f )2, are due to 4 x 4
up-quark basis unitarity [[1]] and yield

(Zp)ij = 0ij — (Zp)ia(Zp) ja- (3.2)

At the same time we get CKM non-unitary corrections in terms of fourth row CKM
matrix elements, which can be calculated via Vogayr = A;@An, where A,, is the 3 x 3 down
quark unitary mixing matrix. In absence of fourth row entries in M, due to the mixing
with the vector top quark, A, would just be the identity and the usual form of Vo = Ay,
would be obtained. Now however, we obtain for the fourth row CKM matrix elements

(Verm)ai = ) (Rp)i(An)ki (3.3)
k

while the 3 x 3 non-unitary mixing sub-matrix for the light quarks is, again due to 4 x 4
unitarity
(Vorm)ij = > (Ep)ii(An)kj — (Vorm) s (Varan)a; - (3.4)
k
Formulae (B.1)-(B.4) are exact up to v/f corrections, but more importantly regardless of
any approzimations to the solution for K, from eq. (£.1j), thus representing faithfully the
generally rich flavor structure of the LH model.

Our treatment leads to qualitatively similar conclusions as found in [[J] regarding FC-
NCs, but we disagree in the procedure as well as in the form of the final results. The ap-
proach of L] on the other hand imposes fine-tuning cancelations among up-quark Yukawa
elements (i.e. requiring cancelation of the two terms in the square brackets in (R.154) for
the first two generations) in order to obtain relations among them. However not all pa-
rameters feature independently in the mass formulae. By identifying the heavy top mass



mp = f \/W , we find that all expressions only depend on certain combinations: (v7;)
and e; = S\i{” / \/W . Using the first, we can absorb all light Higgs VEV dependence into
light quark masses and mixings, while the second indicates that phenomenologically, the
LH FCNC couplings lie on three-plane intersection of a four-sphere with radius \/W .
Therefore we parameterize the moduli of e; using generalized Euler’s angles, projected on
the three-plane (distance from the origin is parameterized by sinvy) o, 8,7: |e1| = |5a535+],
lea| = |caspsyl, les| = |cgsy|, where s, = sina and ¢, = cosz. Note that, although |e;| are
bounded to lie between 0 and 1, providing sources of SM like CP violation discussed in the
previous section requires at least two of them to be different from zero (the constrained
model of Han corresponds to cg = 1 or ey = ea = 0). At the same time, due to the
orthogonality of projections ¢, and s,, only one of the |e;| can be set close to 1 at best,
while in addition cancelation of top loop contributions to the Higgs mass requires |e3| to
be much larger than |e; 2|. This eventually rules out a simultaneous mass cancelation via
fine-tuning for the first two generations in eq. (R.154)).

More explicit analytic expressions for CKM corrections and FCNCs in closed form can
then be obtained by keeping only the leading order terms in the off-diagonal expansion of
K, (i.e. using solutions (2.154)) and (P.I5H)) in which case our analysis reverts to the one
of ref. [[L1]]. We obtain

m; €;
Zp)ia = — ~ (R));, 3.5a
( p)4 mTW ( p) ( )
mim; er e;
(Z )Z >~ 5@ — J L J 5 (35b)
Ay v Y
mp ey
Ve P — (A i ———
(Verwm)a Zk: mT( )k e
m ex
~ Z —k(VCKM)/ﬂik2 , (3.5C)
& T 1-— ]ek]
(Verm)ig = (An)ij — Verm) i (Vor )4 - (3.5d)

Actually, due to the large hierarchy in the up quark masses, expansion (R.15h) is always
a good approximation for K,. This can be seen by parameterizing the off-diagonal ele-
ments of K, in eq. (R.I5H) or (A.3) in terms of generalized Euler’s angles and physical
quark masses. Then due to the orthogonality of the projections ¢;, s; expressions of the
type efe;j/\/1— |ei>\/1 —|e;[? for i # j are always bounded from above by 1, while off-
diagonal elements in K, are in addition suppressed by small ratios of quark masses among

different generations. Therefore, even if the eigenvalues in eq. (R.15d) receive relatively
large corrections, these are not reflected in large deviations from the diagonality in K, and
consequently in FCNCs as we will see in the next section.

4. Phenomenology

We first calculate FCNC constraints, given experimentally from CKM non-unitarity [g.
We take the current bounds on the CKM moduli, obtained from tree level processes with-
out referring to 3 x 3 CKM unitarity [IJ]. Then the complete 4 x 4 mixing matrix unitarity
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Figure 1: LHM parameter plane spanned by my and cgs,. The shaded region in yellow(grey) is
excluded by present CKM unitarity bounds as explained in the text.

conditions constrain FCNCs through the relation Z, = Vog MVCJ[ KM [@] ‘We notice that
the stringiest unitarity bounds on the parameters will come from the top sector due to
large up-quark mass hierarchy, and from the diagonal elements, where the couplings are
not bounded by orthogonality conditions. In particular, the most constraining is the recent
direct lower bound on the magnitude of the Vj; CKM matrix element from the DO collab-
oration [[4] when interpreted in the general models with vector-like singlet top quarks [[[j]
yielding |Vy| > 0.71. We write down the most perspective constraints

my %
Z =|1—- ——"—5—-|>0.52, 4.1a
|(Zp)ss] w2 (1— 3s2) (4.1a)
2
mym 5aC358S
(Zp)s2l = |5 2“252‘3 | <0.3, (4.1b)
T 1_80868’7\/1_0/38“/
2
mgm CaCBSBS
(Zp)si| = | =+ | <o, (4.1¢)
T /11— casﬁsg/\/l — 583
9 222
m2  S5s5S
|(Zp)as| = |1 — = —22 0| > 0.63, (4.1d)
my 1 — 855555
9 2422
m2  cLs5s
(Zp)11] = |1 — =227 | > 0.996. (4.1¢)
my 1 — 555355

Presently only eq. (Y.1al) is restrictive enough to be used as any kind of constraint on the
parameters of the model. It excludes a region in the parameter plane spanned by mp and
s~ (corresponding to A1/4/A? + A2 in the constrained model) as shown on figure [[.

We see that for heavy top-quark masses above 1 TeV, even this bound is ineffective at
present.

Next we study D — D mixing. A general study of new physics contributions in this
process was recently performed in [[[d]. For zp = Amp/T'p contribution due to Z mediated



FCNCs we use the known form

_ V2mp

Gr[HBpl(Zp)12[’r1(me, mz), (4.2)
3I'p

rp

where the function r1(u, M) = [os(M)/as(my)]8/2 x[as(my)/as(p)]%/?® accounts for the
one-loop QCD running, G is the Fermi constant, fp is the D meson decay constant and
Bp is the D meson bag parameter. In our numerical evaluation we use PDG [[[3] values for
quark and Z boson masses, mass and width of the D meson, G and «s(myz), while for the
hadronic parameters we take fp = 0.22 GeV [[7] from CLEO-c measurement and Bp =
0.82 [[if] from a quenched lattice study. After evaluating these known quantities we obtain

rp = 2 X 105|(Zp)12|2
2

2.2 2

SaCaS3S 1 TeV

~ 3 x 10712 kil < > . (4.3)
\/1 - cés%s%\/l - sas%s% mr

We have to compare this expression with the recent experimental results from the B-

factories [[9, RO), which give a value of xp = 0.0087 & 0.003 [RI]. Similarly for the rare
D — ptpu~ decay width, we use the known form for Z mediated FCNC contribution

2 2

- mp (Gp 202 2 Ami,
00— ) = 522 (S5 ) Izl 1 - F. (4.0

64 \ 2 P o m3,

and obtain

Br(D® — ptpu”) = 3% 107Y|(Zp)o/?
2

~ 3102 sacas%s% <1 TeV)Q @)
\/1 - cés%s%\/l - sas%s% mr

again to be compared to the current experimental limit Br(D? — £t/7) < 1.2 x 107% 27
from BaBar. We see that in both processes, the LHM contributions at tree level are neg-

ligible. Note however, that due to the same FC Z coupling appearing in both egs. ([.3)
and ([L.J) a general upper bound prediction for the Br(D° — ptp~) mediated by such
effective couplings can be made. Namely, saturating the measured value of zp with the
short distance contribution in the first line of eq. (f£3) we obtain an upper bound on
|(Zp)12| < 2 x 107* and consequently Br(D° — ptpu™)z, <2 x 1071, The rare D decays
due to ¢ — uZ transitions are then also very suppressed as already noticed in [23, 1.
Therefore we only give predictions for the ¢ — ¢Z and t — uZ decay rates. In the SM
these transitions are highly suppressed and their branching ratios are of the order O(10~10)
or less [24]. On the other hand, current experimental constraints on these transitions are
not very strong [2§]. Following [R4, fl], we normalize the decay width

Pt — c(u)7) = L GE

= E ﬂ‘(zp)32(1)’2f(x27x6)7 (4'6)



where f(z,y)=[(1—1y)? =222 + 2(1 4+ y)|]\Y2(x,y), \V?(x,y) =/ 1+y2 +22 — 20y —2x—2y
and x; = m?/m?, to the dominant ¢ — bW decay rate [26, R4

o

and obtain for the branching ratios approximately

F(t — bW) ’V;tb’ f(xw, mb) (4.7)

2

Z,
Br(t—cZ) < 05‘( )32
Vb
2
50{665652 1 TeV 2
~5x 1078 1 ( ) : (4.8)
\/1 — c%s%\/l — 525552 \ T
and
(Zp)a1 |
Br(t —uZ) < 05'
Vi
2
) CaCpspss 1 TeV?
~ 2 x 10713 ( ) : (4.9)
mr

\/1—ca 2 7\/1—0 s2

where in the last lines of egs. (.§) and (f.9) we have again used the lower bound on |V|

from [[L5].

5. Conclusions

We have reinvestigated the LH model of Lee [[] by applying general constraints on extra
vector-like quark singlet models given in ref. [[1]. Namely, we have discussed the appear-
ance of tree level FCNCs and CKM unitarity violation in a LHM with general Yukawa
couplings and shown that, contrary to previous conclusions, the up-quark flavor changing
Z couplings are not proportional to the CKM matrix elements. Instead they are pro-
portional to ratios of up-quark masses relative to the heavy top quark mass and can be
parameterized in terms of three new angle parameters. Due to the large constraints on the
heavy top quark mass, these tree level contributions are found to be negligible even when
compared to SM loop contributions. Contrary to the derivation of Chen et al. [[[(], we do
not impose any fine-tuning and cancelations among the various Yukawa matrix elements
in order to obtain the measured up-quark masses. On the other hand, our analysis shows,
that mass relation between the light and heavy top quark, ensuring the exact cancelation of
one-loop contributions to the Higgs mass, is not maintained in the general model. Relaxing
this requirement could have important effects on the currently established heavy top quark

mass limits from low energy phenomenology.
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A. Full forms of quark mass diagonalization formulae

Here we give the matrix formulae given in short-hand notation in egs. (R.14) and (R.15H)

in their full form and by using the parametrization in terms of e; = S\Zfl /|A| parameters.

Matrix eq. (R.14) for K, reads

mi 0 0 (1 —ler]?) —mmoeres —mmnzeres
Kp | 0m3 0| =0 —mupese] n3(1—leal’) —momseacs | .Kp, (A1)
0 0 m3 —mmnzese;  —mamzeses n3(1— |es|?)

with the approximate solutions for K, of the form

1 _ vPmperes  vimmsered
(mi-m3)  (mi-m3)
2 * 2 *
K. — | —vmnzese] 1 _ vimanzeze} A2
T =T ong-m3) (#.2)
_vemimpese] v mamsese; 1
(m3—m7)  (m3—m3)

We remaind the reader that in this approximation the light up-quark masses are given by
m; = vn;/1 — |e;|?. Then due to the large measured mass hierarchy in the up-quark sector
we have approximately

i A A% 1A A
1 ma €163 -€1€3
~ | _m1s 5% ma 5 4%
K, T €267 1 €265 | (A.3)
Mg e* _M25,06%
s €361 —oe3éy 1

where we have used é; = ¢;//1 — |e;|%.
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